Introduction

38
Measurements of the length composition of an exploited stock are relatively cheap and simple to collect, 39 and are one of the most common forms of data available to fisheries researchers (Quinn and Deriso, is exceptionally high, is unlikely to affect the sustainability of the fishery, although the yield is likely 71 to be very low. Conversely, even a relatively low adverse for many species (Clark, 2002) , and suitable reference points can be derived from assumptions 81 about the steepness of the stock-recruit relationship (Brooks et al., 2010 of knife-edge selectivity-at-length at L c , and knife-edge maturity at L m .
84
The aims of this study were to evaluate the utility of the models developed in Hordyk et 
Methods
96
The LB-SPR method requires as input length composition data of the catch, as well as the three 
Operating model
103
The population dynamics were modelled with a female-only, non-spatial, age-structured operating 104 model (OM), with the assumption that the population was closed with respect to immigration and 105 emigration. In general, the OM was modelled with annual time-steps. However, the OM was modelled 106 with monthly time-steps for short-lived species (i.e. species with life-span ≤ 10 years). The conversion 107 from annual to monthly time-steps was necessary to ensure the construction of smooth length com-108 positions for short-lived species, and was achieved by scaling the rate parameters appropriately. For 109 example, an annual M is converted to a monthly rate by dividing by 12. For the short-lived species, 110 recruitment was assumed to be continuous and occurred on the 1st day of every month.
111
The abundance, N, at age a at time t is given as:
where R t is the number of recruits at time t, Z a is instantaneous total mortality at age a, and a max is 113 the maximum age. Total mortality at age a is given by:
where M is the annual instantaneous rate of natural mortality, S a is selectivity at age a, and F is 115 the annual instantaneous rate of fishing mortality. The catch-at-age (C a ) was calculated using the
116
Baranov equation:
No plus-group was used, instead a max was determined as the first age class where the number of 118 surviving individuals was ≤ 1% of initial recruitment (Quinn and Deriso, 1999), so that:
Natural mortality was assumed to be constant and independent of size or age, and fishing mortality was 120 assumed to be constant for all t. Recruitment was related to the spawning biomass by the Beverton-
121
Holt stock-recruit relationship with multiplicative log-normal error:
where SB t is the spawning stock biomass at time t, δ and ρ are parameters of the stock-recruit function,
123
and t is the recruitment residual at time t that is normally distributed by N 0, σ 2 R , where σ R is the 124 recruitment variability.
125
The δ and ρ parameters of the stock-recruit relationship were re-parameterised in terms of steepness
126
(h), which is defined as the fraction of virgin recruitment (R 0 ) obtained when spawning biomass is 0.2 127 of the unfished spawning biomass (i.e. 0.2SB 0 ).
128
Growth was modelled with the 3 parameter von Bertalanffy function:
where L ∞ is asymptotic length, k is the growth coefficient, and t 0 the theoretical age when length 130 is zero. Variation of length-at-age was assumed to be normally distributed, with variance increasing 131 with increased mean length (Sainsbury, 1980):
Maturity was assumed to be size-dependent, and was modelled with the two parameter logistic 134 function:
where Mat l is maturity at length l, and L 50 and L 95 are lengths at 50% and 95% maturity respectively.
136
Maturity-at-length was converted to maturity-at-age (Mat a ):
where σ 2 La is the variance of length at age a. Spawning stock biomass was calculated at the end of 138 each time-step as:
where W a is weight at age a, which was calculated as:
where α and β are constants. Egg production at age a was assumed to be proportional to weight:
Selectivity was assumed to be asymptotic and size dependent, and was modelled with a two parameter 142 logistic function:
where S l is selectivity-at-length l, and L S50 and L S95 are the lengths at 50% and 95% selectivity 144 respectively. Selectivity-at-length was converted to selectivity-at-age (S a ) by:
SPR was calculated following Goodyear (1993) , by calculating the ratio of the average lifetime 146 production of eggs per recruit (EP ) at equilibrium for the fished and unfished states, assuming no 147 density-dependant suppression of maturation or fecundity:
where
and
An age-length transition matrix (Hilborn and Walters, 2001 ) was constructed from the assumptions 151 of mean length-at-age and variation of length-at-age, where the probability of an individual at age a 152 being in length class i is given by:
where φ is the standard normal cumulative distribution, l lo i is the upper bound of length class i, and I
154
is the total number of length classes. The age-length probability matrix was modified for the expected 155 age-length distribution of the catch (p) to account for the selectivity-at-length by multiplying the 156 age-length transition matrix by the selectivity at length class i (S i ):
The age-length transition matrix for the catch was standardised so that the probability of an individual 158 in the catch at age a being in one of the I length classes was 1:
The length composition of the catch (N i ) was then constructed by multiplying the vector of catch-at-
160
age by the transpose of the matrix p: at-length from length frequency data of the catch. In turn, these estimated parameters can be used to calculate SPR which can be used for management of the fishery.
171
To make the problem numerically tractable, the estimation model was constructed from a modified 172 age-structured model, with "age" defined in arbitrary units. Let X be the number of discrete "age"
classes in the estimation model, where X is a fixed parameter of the estimation model. The vector x 174 is then defined as a sequence of "ages" in an arbitrary temporal scale from 0 to X -1 (i.e maximum "age"= X − 1), andx is a vector of relative "ages" defined between 0 and 1:
It is important the remember that the units of x are undefined, and that any ages in the estimation 177 model are only meaningful in relative terms. Mean standardised length l at age x can then be given
Assuming that length-at-age is normally distributed with constant CV, the standard deviation ofl x is 180 (Hordyk et al., this issue):
If there are I length classes in the observed length composition of the catch, and the length composition 182 is standardised to L ∞ , then the probability of an individual at age x being in length class i can be 183 given as a I × X age-length transition matrix:
where l lo i is the lower bound of length class i, and φ is the standard normal cumulative density function.
185
Assuming a logistic selectivity pattern, selectivity at standardised lengthl can be modelled as:
where l S50 and l S95 are the standardised lengths at 50% and 95% selectivity respectively. The matrix
187P
can be modified to account for the selectivity-at-length, to give the probability that an individual 188 in the catch at age x is in size class i :
whereS i is the selectivity for length class i, calculated by substitutingl in Equation 25 withl i , which
190
is the mid-point of length class i. The matrixC must be standardised so that there is a probability of
191
1 that an individual in the catch at age x is in one of the I length classes: of total mortality at age x can then be given as:
whereS x is the selectivity at age x (in unknown units of time) determined by multiplying the matrix
201P
by the vectorS i :
The relative number of individuals at age x can then be calculated using the traditional fisheries model:
The expected proportion of individuals in the catch in length class i is then:
With the assumptions of constant CV in variance of length-at-age, logistic selectivity, and constant 
where O i and O P i are the observed number and proportion of the catch respectively in length class i. age-structure of the estimation model, and given estimates of maturity-at-age and the size-fecundity 217 relationship, SPR can be calculated from the estimated parameters. Assuming that maturity is a 218 logistic function of length, then maturity at relative lengthl can be given by:
wherel 50 andl 95 are the relative lengths at 50% and 95% maturity respectively, and defined as:
where L 50 and L 95 are the lengths at 50% and 95% maturity respectively. Similarly to selectivity-at-221 length, maturity-at-length can be converted to maturity at age x by multiplying the vector Matl by 222 the age-length transition matrixP :
where Mat i is the probability that an individual in length class i is mature, calculated by substituting 224l in Equation 33 withl i , which is the mid-point of length class i. Assuming that fecundity is linearly 225 related to weight, which is a cubic function of length, the relative egg production (Ẽ) at relative age 226
x is:
Total relative egg production Ẽ P Fished for the fished state is then:
and for the unfished state:
SPR can then be calculated as: 
Simulation and evaluation
231
The utility of the LB-SPR method was evaluated by using the operating model to generate length data,
232
and comparing the estimates of were arbitrarily set lower than maturity-at-length for each species, and CV L∞ was set at 0.1, and t 0 239 was assumed to be 0 for all species (1). Steepness was set to 0.7 for all cases.
240
A number of robustness tests were conducted to assess the utility of the LB-SPR model, and to 
Test 7 investigated the sensitivity of the assessment model to the true 
Results
297
The sensitivity tests revealed that, for all 4 species, there is a direct relationship between the accuracy 298 of the estimated 
305
The exact relationship between and rapidly decreasing when the assumed L ∞ was increased above the true value (Figure 1b) .
321
The estimation model was relatively insensitive to the assumed CV L∞ for all 4 life-history types, 
337
There was relatively low bias in the estimated selectivity parameters when the assumption of a stock 
346
The inclusion of auto-correlated recruitment error resulted in increased variance in the 3 estimated 347 parameters, particularly when σ R was 0.6 or 0.9 (Test 9; Figure 5 ). The estimates of the selectivity 348 parameters were reasonable, however the bias in over-estimated and under-estimated by up to 100% when σ R = 0.9.
356
Discussion
357
The length-based technique developed in this study offers an alternative method to estimate required expensive and technically challenging catch-at-age analyses.
363
In this study, we simulated length data from four species with diverse life histories, spanning 
372
As modelled here, the LB-SPR method assumes that length-at-age is normally distributed with a 373 constant coefficient of variation (CV), an assumption that does not always appear to hold (Bowker, 374 1995; Erzini, 1994) . Detailed costly ageing studies are required to test this assumption, research 375 that is not feasible for small-scale, data-poor fisheries. However, meta-analyses of existing length-at- has not been investigated in this study but knowledge of the distribution of length-at-age could be 380 incorporated into the LB-SPR method for specific species.
381
Influence of variation in parameters on estimating SPR
382
The accuracy of the estimated SPR at from the LB-SPR method depends on the precision of the between species than either of the individual parameters in the ratio (Beverton, 1992 (Pauly, 1984) . If a stock is only relatively lightly exploited, it would be reasonable to 
425
The precision of the estimated SPR the data on length composition can be increased by simply to sufficiently capture the features of a length composition Erzini (1990) . This conclusion is supported
430
by the simulation studies from our study which showed that the variation in the estimated SPR was 431 reduced greatly when ≥ 1, 000 measurements were taken (Figure 2 ). In addition to measuring an 
435
Dynamic effects on estimating SPR
436
The model developed in this study assumes that the stock is in equilibrium which means that the and constant F, the stock is essentially at equilibrium, and 
